Introduction
Cold production is an economical mainstream process for heavy oil recovery in which oil and sand particles are produced together from unconsolidated formations with an abnormal higher rate (up to 20 times) than that predicted by Darcy's law based on typical reservoir parameters. However, the majority of operators report very high sand cuts that vary from 10% to 40%. As massive sand is being produced, a variety of problems arise, i.e., erosion and plugging of facilities, ground settlement, and sand disposal. Since this prevalent phenomenon is not well understood, sand production and control (management) has been a research topic for more than five decades. Extensive studies have shown that the cause of the abnormality is a combination of many factors: notably, stresses, fluid flow, thermal, solution gas drive, and reservoir heterogeneity in porosity.
Even though it is well known that large amounts of sand accumulate into the wellbore, their origin is still unclear. Based on tracer and injectivity tests, a common belief is that high-permeability channels-so-called cavities or wormholes in petroleum geomechanics jargon-are formed after a period of time. In order to visualize the production process at a laboratory scale, Tremblay et al. (1) (2) (3) performed sand pack experiments to model the production of oil, gas, and sand into a perforation in a vertical well. A high-porosity channel was observed with the aid of X-ray computed tomography techniques. It was found that, besides hydro-mechanical effects, the solution gas drive enhanced the propagation of the wormhole as gas bubbles expand under a pressure decline. This in turn unlocks the sand grain structure so that the porosity of the skeleton increases, which in turn leads to a drop in its mechanical strength. Hence, the wormhole propagates further in regions where strength weakening takes place.
In this paper, we view sand production as an erosion process triggered by hydrodynamics and describe it within a continuum mechanics framework in which mass balance is applied to a threephase system comprised of solid, fluid, and fluidized solid [see Wan and Wang (4, 5) ]. When solving the governing equations using classical finite elements, node-to-node oscillations or wiggles are encountered due to the nature of the Partial Differential Equations (PDE) and severity of the field variable gradients to be solved. Recently, Wan and Wang (6) proposed an optimized local mean technique while deriving the finite element equations in order to eliminate the above numerical difficulties. The problem of sand production in a sand pack that was studied experimentally by Tremblay et al. (3) is herein analyzed using the above-mentioned newly-developed framework, which consists of modifying local field variables such as density, flux, and stress found in the governing equations with higher order terms, by expanding them into a Taylor series in a finite size domain. Despite the severe pressure gradient conditions imposed by the orifice at one end of the sand pack, as fluid is forced through it, numerical solutions afforded by the numerical model are free of oscillations due to the numerical treatment alluded to in the above. Both experimental and numerical results for the sand pack are in very close agreement. In particular, the computed porosity field and its temporal evolution during wormhole propagation match well with available CT scan images of the sand pack.
Theoretical Background
The starting point for this paper is an introduction to a new class of a stabilized finite element scheme using a higher gradient formulation in order to capture the numerical solution of problems involving sharp local gradients, as in the case of sand erosion in a sand pack. This was discussed at length in Wan and Wang (6) , but as an aid to the reader, the essential points are herein recalled and summarized.
Review of Optimized Local Mean Technique
Let us consider a 1D example for which it is proposed to calculate the mean value of a field variable, say, density ρ(x) over a 
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small but finite sampling length L with the point x as its centrepoint. where h = d 1 -d 2 . If distances d 1 and d 2 are equal, then the sampling point is the centre-point of the interval of interest, and 〈ρ〉 = ρ. Thus, the mean of a constant or linearly varying field in an interval is equal to its value at the mid-point of the sampling interval, which is used in traditional continuum application. In order to capture the local curvature effect of the field variable ρ(x), Equation (3) must be used in the governing equations. It goes without saying that the position of the optimum point of the sampling point is found, such that the mean 〈ρ〉 coincides with the one that would have been obtained using higher gradient terms.
Coupled Erosion-Stress Equations as a Higher Gradient Problem
The optimized local mean technique is herein used in the mass balance equations that describe sand erosion (production) phenomena involving sharp local changes in the field variables. Classical derivations with first order fields are susceptible to numerical instabilities in finite element computations.
Modified Governing Equations
To obtain the governing equations for the mechanics of fully saturated porous media, balance equations are written for each phase factored with its corresponding volume fraction so as to account for its discontinuous distribution. It is reminded that the volume fraction is defined as the volume of each phase per unit volume of the material. The equations governing the sand production problem were derived in detail (5) . Based on a mixture theory approach, the fluid saturated sand body is idealized using a Representative Elementary Volume (REV) that is comprised of three phases: namely solid (s), fluid (ff), and fluidized solid (fs).
If we extend the optimized local mean technique embedded into Equation (3) to three dimensions, and apply it to the field equations, we arrive at modified versions of governing equations (6) (7) where φ = porosity defined as volume of void space over total volume, c = fluidized solid concentration as the ratio of fluidized solid volume to that of void space, ρ i = density of phase i, u
• i = volume-weighted velocity of phase i, m • = the local rate of solid loss or gain per unit volume due to erosion phenomenon, ε v is the volumetric strain of the solid matrix, b are body forces per unit volume, and λ, having the dimension of inverse of length, has to be determined experimentally. Basically, λ provides a length scale that can be related to the grain contact strength and grain size. In fact, Equation (5b) describes a phenomenological law that relates sand erosion to fluid flux, porosity, fluidized sand concentration, and sand skeleton strength.
The parameter h is essentially a characteristic vector that has yet to be determined. While this is a crucial issue, methods of determination of h have been proposed based on the diminishing residual technique proposed by Onate (7) . As a first approximation, h can be obtained as a simple extension of h in a 1D case. Also, certain forms of h can be linked to adhoc stabilized terms that are commonly used in the SUPG method (8, 9) . The equivalence between the proposed formulation using the optimized local mean technique and SUPG was established in Wan and Wang (6) .
Stabilized Finite Element Equations
The finite element equations for the coupled erosion-stress model are next sought by applying Galerkin's method to Equations (4) to (7) over the domain and using a standard finite difference formula for time derivatives. In the following simulations, a rigid matrix is considered as the finite element implementation of the theory presented in the previous sections which is still in progress. The rigid matrix case involves mere suppression of skeleton deformations (u = 0, ε v = 0) in Equations (5) to (7) .
Semi discrete Galerkin approximation is used in order to discretize main field variables c(x, t), ϕ(x, t) and p(x, t), i.e.: Applying standard Galerkin's method of weighted residuals over the entire domain Ω to Equations (4) to (7), together with discretizing time derivatives by a standard finite difference formula, and also linearizing time variables, we obtain a system of three non-linear equations whose generic form can be written as:
.. ........................................ ..... (11) in which W and H are functionals which originate from Equations (4) to (7) ] such that variables at time t n+θ can be expressed in terms of those at t n and t n+1 , i.e., W n+θ = (1 -θ)W n + θW n+1 . A value of θ = 1 corresponds to an implicit scheme, while θ = 0 refers to an explicit one.
Equation (11) represents non-linear matricial equations that can be solved using standard schemes such as the Newton-Raphson method. If superscript k denotes the iteration number during successive attempts to find the final solution, the expanding Equation . (14) where X is a vector containing variables at the previous iterate. An implicit scheme was used with θ = 1 for the sake of numerical stability. Expressions for F, f, and Q are:
. (15) . (16) ...... (17) where M i is a weighting function similar to the one obtained in the SUPG method. In contrast with SUPG, higher gradient terms were simply introduced into the governing equations followed by a classic Galerkin's approximation, without the need to introduce an adhoc weighting function in order to get the streamline upwind term. For the interested reader, comprehensive discussions on this issue, as well as complete forms of the derivatives of F, f, and Q with respect to c, ϕ, and p, hence the terms of the Jacobian J, can be found in Wan and Wang (10) .
Simulation of Erosion in a Sand Pack
The problem of particle erosion in a sand pack saturated with a viscous fluid is next analyzed using the numerical model presented in the previous sections.
Tremblay et al. (3) performed a series of laboratory scale experiments in which a viscous fluid was forced through a sand pack at one end, thereby inducing sand production at the other end through a small orifice. The sand was carefully compacted into the sand pack in a controlled manner so that the initial porosity was reproducible. Then, a pressure gradient was imposed along the longitudinal axis of the sand pack in order to induce drawdown with gas ex-solution in an attempt to mimic sand production phenomenon at a well perforation (see Figure 2) .
CT-scan pictures were taken at different times so as to visualize the erosion process, and the formation of any wormhole-like structures inside the sand pack. Details of the sand pack experiment are documented in Tremblay et al. (1) (2) (3) .
The computation of the physical processes that are alluded to in the above, presents a major challenge to the numerical analyst since it involves the treatment of severe stress and fluid pressure fields with phase change, i.e., gas ex-solution. It will be demonstrated in the next sections the efficiency of the stabilized finite element scheme presented in the first part of the paper. It is noted that any effects of stress and gas solution drive are ignored in the current analysis. These issues are currently being examined and will be implemented in the future.
The sand pack is cylindrical in shape and has a length of 0.85 m and a radius of 0.05 m. For modelling purposes, axi-symmetric conditions are considered so that only a 2D mesh representing a longitudinal plane in (r, z) is required. A total number of 1,780 nodes and 1,672 bilinear elements, with each node having 3 degrees of freedom, i.e., c, φ, and p, is used in the analysis.
A pressure of 5.2 MPa is imposed at left (inlet), and 2 MPa at right (outlet) with a small opening of 10 mm to simulate the perforation. The initial fluidized sand concentration c 0 and porosity φ 0 are chosen to be 0.001 and 0.32, respectively. The sand erosion rate parameter λ is 9 m -1 with ρ s = 2.65 g/cm 3 and ρ f = 0.9854 g/cm 3 . Isotropic permeability conditions are considered such that the effective permeability in the z-direction is equal to that in the r-direction. Also, a viscosity of µ = 21,000 cp is considered. Finally, the time step size used in the analysis is 0.01 day for a total time span of 50 days investigated.
Homogeneous Sand Pack
The following simulations correspond to a uniformly distributed initial porosity of 0.32 throughout the sand pack. Figure 3 (a) shows a CT scan of the sand pack at 20 days with the dark zone representing a region of high porosity approaching 0.6. This physically corresponds to a cavity or wormhole structure where erosion is very intense. The numerical simulation results computed at the same time (t = 20 days) are also shown in Figure  3 (b), with the dark zone indicating a porosity in excess of 0.87, which matches quite well with experimental observations, considering that gas solution drive and stress aspects were ignored in the analysis. Also, in the experiment, the CT scan revealed a sharp contrast in porosity at the tip of the wormhole, while the computed porosity values declined smoothly away from the tip of the wormhole, given that a continuum framework was considered [see Figure 3(b) ]. The numerical computations also indicate that there is a "dead" zone at the top corner of the sand pack at the outlet where the porosity is still at initial values, i.e., 0.32. Figures 4(a,b,c) show the evolution of porosity and the propagation of the wormhole in the vicinity of the orifice at different times, i.e., t = 2, 10, and 30 days. As expected, the zone of highest porosity is found near the orifice where the high fluid flux drives the erosion process in line with Equation (5b), herein recalled, i.e., m
Porosity Field Evolution
. Basically, erosion is governed by these key factors: skeleton strength (λ), porosity value (φ), and fluid discharge v f .
The computations give porosity values in excess of 0.9 inside the wormhole, which are too high compared to values of 0.6 revealed in the CT scans, e.g., Figures (3a,b) . This disparity in values is due to various reasons. In reality, arching occurs on the walls of the wormhole with stress concentrations at its tip. Hence, a combination of high stress concentration and high fluid flux at the wormhole tip makes it much easier for it to propagate further longitudinally into the sand pack as opposed to a radial direction. In the model calculations, the skeleton strength, λ, was kept constant throughout the analysis, and the proper fluid flux amplification at the wormhole tip could not be captured. The erosion is thus confined within the wormhole, and this leads to a higher porosity than the one that would have been obtained if the erosion were allowed to proceed further ahead of the tip. Figure 4 (b) shows the development of the wormhole in the radial direction at t = 10 days. As the wormhole further extends radially, it ultimately invades the whole segment of 0.25 m away from the orifice when t = 30 days, as shown in Figure 4(c) . If the computations were carried out further in time, the whole sand pack would eventually fluidize.
Mobility Profile
It is of interest to introduce a so-called mobility factor defined as the ratio of permeability over viscosity, i.e., (k/µ), which is an indication of the mobility of both the fluid and fluidized sand components during the erosion process. Figure 5 shows a snap shot of the mobility factor distribution at t = 10 days. As expected, the largest values occur near the orifice where there is intense erosion. It is interesting to note the highly distorted (twist) mobility factor field near the orifice. Without the incorporation of the stabilized finite element techniques into the computations, it would have been impossible to model such severe distortion in the field variable.
Fluidized Sand and Oil Flux Rates
Both the fluidized sand and oil flux rates were calculated at different times in a section of the sand pack at the outlet close to the orifice (see Figure 6 ). The fluidized sand rate curve shows a rapid initial rise towards a peak value. During that phase, the computed trend can be interpreted as a rapid expansion of wormholes with uniform mixing of sand and oil. After peak value has been reached, the computed decline can be attributed to open channel and scouring in the wormhole. During that time, the oil rate
sharply increases as seen in Figure 6 . This overall trend is consistent with well observations under cold production where a high sand cut is usually obtained at the very beginning, with oil rate taking over with time.
Non-Homogeneous Sand Pack
A non-homogeneous sand pack is next investigated in which the initial porosity field has a bias with high porosity values randomly generated between 0.32 and 0.4 near the centre of the sand pack. Away from the centre, the porosity is basically constant and equal to 0.32 just like in the previous case. This mimics the weak zone towards the central section of the sand pack. Figure 7 shows the initial porosity distribution representing the above-mentioned weak zone. Also, within the weak zone, the values of λ that represent material strength are also biased toward higher values ranging from 9 to 12 m -1 , while outside this zone, λ is set to 9 m -1 . Figures 8(a,b,c,d) give snap shots of the porosity field within 0.5 m away from the outlet. It is clearly shown that the region of high porosity (wormhole) follows the weak zone after an initial enlargement of the eroded area near the orifice, see Figures (8a,b) . In contrast to the homogeneous case presented in the previous section, it is indeed a combination of slightly higher initial values for porosity, φ, and skeleton strength λ in the weak zone that makes it much easier for the wormhole to penetrate further into the sand pack along the longitudinal axis of the sand pack.
Porosity Field Evolution
The computations indicate that the strength parameter λ is one of the controlling factors determining the propagation of the wormhole. In an ideal situation, λ must vary according to both fluid flow and stress regimes that are intimately linked to wormhole formation and propagation. If the parameter λ was to be a function of deformation indicators such as porosity and plastic shear strains as calculated within a coupled equation framework with volumetric strains and stresses activated in Equations (4) to (7), the wormhole path and propagation would be naturally captured along weak zones, without the need to pre-assign them.
Conclusions
We have presented a numerical framework using a newlydeveloped stabilized finite element scheme that enriches the governing field variables with higher gradients. This is necessary in order to achieve oscillation-free results for the solution of boundary value problems involving severe field variations, such as in the case of coupled particle erosion-fluid flow in a sand pack. The numerical results presented in this paper demonstrate the efficiency and robustness of the developed continuum-based model. The main findings can be summarized as follows.
• The optimized local mean technique used to describe higher order gradients in the main field variables (e.g., fluidized sand concentration, c) is very effective towards eliminating oscillations encountered when using conventional finite element schemes. Without the introduction of higher order gradients, numerical solutions would be virtually impossible.
